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The complex rotational and translational Brownian motion of anisotropic particles depends on their
shape and the viscoelasticity of their surroundings. Because of their strong optical scattering and chemical
versatility, gold nanorods would seem to provide the ultimate probes of rheology at the nanoscale, but the
suitably accurate orientational tracking required to compute rheology has not been demonstrated. Here we
image single gold nanorods with a laser-illuminated dark-field microscope and use optical polarization to
determine their three-dimensional orientation to better than one degree. We convert the rotational diffusion
of single nanorods in viscoelastic polyethylene glycol solutions to rheology and obtain excellent agreement
with bulk measurements. Extensions of earlier models of anisotropic translational diffusion to three
dimensions and viscoelastic fluids give excellent agreement with the observed motion of single nanorods.
We find that nanorod tracking provides a uniquely capable approach to microrheology and provides a
powerful tool for probing nanoscale dynamics and structure in a range of soft materials.
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The Brownian motion of embedded tracers has been
applied to determining the viscoelasticity of soft materials
and microscopic objects via passive microrheology for
more than two decades. Typically, dynamic light scattering
[1-4] or image-based particle tracking [3,5-9] is used to
measure the tracers’ mean-squared displacement (MSD),
which is then converted to the dynamic shear modulus via
a generalized Stoke-Einstein relation (GSER) [1,2,4,10].
Pioneering work by Cheng and Mason [11] showed that the
rotational diffusion of anisotropic micron-scale particles
can also be used to quantify the rheology via a rotational
GSER, and later it was demonstrated using depolarized
dynamic light scattering [12,13]. Multiple imaging-based
rotational tracking methods have since been reported
[14—-18]; however, they do not appear well suited to
microrheology. While the use of anisotropic nanoparticle
tracers would greatly facilitate the application of this
approach to stiffer materials and much smaller length
and time scales than possible with larger tracers, micro-
rheology places stringent requirements on the accuracy of
the tracer’s inferred mean-squared displacement. Indeed,
despite several reports of gold nanorod (GNR) rotational
tracking using imaging [19-31] and depolarized scattering
[32-36], no one has demonstrated the use of GNRs to
accurately measure the rheology of a viscoelastic material.
Moreover, no models of the complex anisotropic transla-
tional diffusion [32,33,37] that these particles would
execute in a viscoelastic material, or its coupling to the
rotational diffusion, have been reported or validated.

Here, we study the rotational and translational Brownian
motion of single GNRs using a laser-illuminated dark-
field microscope modified to simultaneously record two
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orthogonally polarized images. A polarimetric analysis,
based upon a nano-optical model of the GNR, enables
the accurate determination of the rods’ three-dimensional
orientation to better than one degree at up to several
thousand frames per second. The rotational diffusion
motion quantified by a mean-squared angular displacement
can be quantitatively converted into a dynamic shear
modulus via a generalized Stokes-Einstein relation. We
demonstrate this “nanorheology” approach in concentrated
viscoelastic solutions of polyethylene glycol polymer,
extending passive microrheology down to 100 nm length
and single attoliter (10~'® 1) volume scales. Moreover, we
extend an earlier study [37] of two-dimensional anisotropic
translational diffusion [38] in Newtonian fluids to the
unbounded, three-dimensional and the viscoelastic cases
and find that it accurately reproduces the observed motion
of single isolated nanorods.

GNRs are ideal orientation probes, since their surface
plasmon resonance [22] depends on their relative orienta-
tion with respect to the external electric field [39] and their
scattered light is thus strongly polarized [26,40]. Previous
studies [26,39,40] have shown that far-field scattered light
of a single GNR can be modeled by the electric field
emitted from three independent and orthogonal principal
dipoles, with the dipole aligned along the rod’s long axis
being predominant. We computed the strength of these
principal dipoles using the discrete dipole approximation
method [41-44] (see Supplemental Material Sec. 1.1 for
details [45]). We image the particles using a custom-built
dark-field microscope that focuses a single mode, 300 mW
diode pumped solid state laser (4 = 670 nm) in the back
aperture of a high-NA, oil-immersion objective to produce
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FIG. 1. (a) GNR scattering and imaged by a dark-field micro-
scope. (b) GNR embedded in viscoelastic polymer solution.
(c) Coordinate system of the GNR defined by polar f and
azimuthal angles ¢.

a small, collimated Gaussian beam in the specimen
[Fig. 1(a)]. We took advantage of the polarization sensi-
tivity of GNR scattering by illuminating the rod with a
circularly polarized laser beam and splitting the scattered
light into two images on the same camera detector,
corresponding to two orthogonal linear polarization chan-
nels [45]. The integrated intensity of the GNR images in
these two channels is a function of the GNR orientation,
specifically, its polar angle f and azimuthal angle ¢
[Fig. 1(c)]. We use a semianalytic physical optics model
to compute the expected intensities in our high-numerical-
aperture microscope. Inverting these periodic functions
maps the inferred position of the rod’s orientation into
a single octant domain of the unit sphere. While this
precludes determining the absolute spatial orientation of the
rod, it does allow the angular mean-squared displacement,
needed for microrheology, to be reliably determined.

To demonstrate the angular tracking capability of the
imaging system, we first studied the motion of GNRs
(20 x 100 nm?) in pure glycerol. The intensity of the
scattering light in the x and y channels and the total
intensity are shown as functions of the time in Figs. 2(a)
and 2(b). Figure 2(c) shows the inferred polar and azimu-
thal angles of a single GNR versus the time. As expected,
the inferred GNR orientation, as shown in Fig. 2(d), fully
explores the available octant of a unit sphere. Typical
images of the GNR at different orientations at selected
times are shown in Fig. 2(f). Tracking the centroid position
of the GNR over time [Fig. 2(g)] indicates that translational
Brownian motion of the GNR is small enough that rods do
not go out of focus during image collection. The shape of
the distribution of polar angles and azimuthal angles over
10° image pairs is consistent with the GNR exploring
all orientations randomly to within statistical sampling
[Fig. 2(h)], confirming the accuracy of our polarimetric
analysis [46-52].

The mean-squared angular displacement (MSAD),
MSAD = (Ju(t + 7) — u(t)|*),, is bounded by the direction
vector being limited to the unit sphere, leading to a single
exponential crossover with an asymptote of 2, (—A#?(¢)) =
2[1—(1—¢?)exp(—2D,1)], where D, is the rotational
diffusion coefficient and &, is the measurement error in
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FIG. 2. Integrated intensity of a GNR in glycerol in orthogonal
x and y polarization images (a), with the corresponding sum of
intensities (b) and the inferred orientation angles (c). Time-
dependent 3D GNR orientation mapped into a single octant (d).
Orientations of selected time points (1-7) marked in (e),
corresponding image pairs (1.6 x 1.6 um?) in (f). Trajectory
(g) of the GNR showing translational motion. Frequency dis-
tributions of orientation angles (h) from 10° image pairs
(symbols) match a random orientation model (curves).

the orientation vector [14,53,54] [Fig. S5(a)]. With unit
vectors mapped to an octant, a similar effect occurs;
Monte Carlo (MC) simulations [45] show that the resulting
MSAD is well described empirically by a stretched
exponential function with an asymptote of 0.5:

(| (1)) = %{1 — (1 =&)exp[—(xD,2)]}. (1)

where k = 1.6 and { = 0.95 are constants [Fig. 3(a)].
Equation (1) compares favorably to the MSAD determined
for single GNRs in pure glycerol [Fig. 3(b)]. Fitting
yields a rotational diffusion constant D, = 3.5 rad’/s
and an estimated angular measurement uncertainty
€2 = 2.5 x 107* rad?, better than 1° directional precision.
We also determined the translational diffusion coefficient
by fitting to the short lag time data from centroid-based
particle tracking [53] [Fig. S5(c)]: (Ard,) = 4D, + 4¢7.
This yields a value of D, = 0.007 yum?/s and a position
uncertainty of ~9 nm.

The theoretical prediction of translational and rotational
diffusion coefficients for a rod (in the lab frame) are
D,=[(3KT)/(anl)][Inp+C.(p)] and D, = [(KT)/(3mnl)]
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FIG. 3. MSADs of simulated (a) and measured (b) GNR in

glycerol (circles), stretched exponential fit (dashed line), and
unbounded MSAD (curve). Measured MSADs (c) of a GNR in
200 kDa PEO, 6.7% w/w (squares) and 12.2% w/w (circles). (d)
Scaled unbound MSAD (open symbols), translational MSD
(closed circles) of the GNR, and rescaled microsphere MSD
[1] (lines) at two PEO concentrations. Storage and loss moduli for
the PEO solution obtained from GNR rotational nanorheology
(symbols) and literature microrheology [1] (lines) at 6.7% w/w
(e) and 12.2% w/w ().

[Inp+C;(p)], where K and T are the Boltzmann constant
and temperature, respectively, [ and d are the length and
diameter, respectively, of the rod, and C, and C, are,
respectively, the rotational and translational drag coefficient
correction factors which are a function of the aspect ratio p
and the shape of the rod ends [18,55,56]. The ratio of the
translational to the rotational diffusion coefficients is only a
function of the geometry of the GNR: (D,/D,) = I>f(p).
Electron microscopy shows that the rods have a consistent
20 nm diameter and lengths of 100 & 11 nm; data are
shown in Supplemental Material [45]. Using a spherocy-
linder model and assuming the rods are stripped of their
CTAB ligands in neat glycerol, the length of the single
GNR tracer is inferred to be [ = 107 ==2 nm, and the
viscosity of the solution can be estimated as 7 = 1.26 Pas,
in excellent agreement with the expected value of 1.29 Pas,
for pure glycerol at 21 + 1.5°C.

The rotational diffusion of a nanorod in a viscoelastic
material has been described by a Langevin torque equation
1,Q(1) = T(t) — [} &.(t — 1)Q(z)dr, where Q is the angu-
lar velocity of the nanorod, I', is the thermal driving torque,
and &, is the rotational memory function [11]. Mason et al.
have shown that the solution of this equation is similar to

that for the translational Langevin equation [3]. Taking the
Laplace transform of the Langevin equation, applying the
principles of causality and thermal energy equipartition,
and neglecting the inertia term, the Laplace transform of
the angular velocity will be (#(0)d(s)) = kzT/&(s).
Taking the GNR as a spherocylinder leads to the
Laplace transform of the rotational memory function to
be &,(s) =1zP(s)/[In(p) + C,], where ij(s) is the fre-
quency-dependent viscosity. Replacing (#(0)%(s)) with
(s>/2)(A@i?(s)) leads to the rotational generalized
Stokes-Einstein relation (RGSER) for the GNR

) 6k
G(s) = sii(s) = ﬂszxffg(m

Inp+Cl ()
where A#i7(s) is the Laplace transform of an MSAD,
(A2 (1)), that unlike (A#?(r)) is unbounded in magnitude
at a long lag time. We developed an approach that computes
a lag-time-independent mapping between these two bounded
and unbounded MSADs by inverting Eq. (1), which leads to
(A3 (1)) = 4D,t = (4/k){In[1/(1 — 2(A22(1))]}1/¢. We
validated this procedure using simulated trajectories of tracer
beads in different model viscoelastic fluids using a method
developed by Khan and Mason [50]; see Supplemental
Material Sec. 1.7 [45]. This procedure has the expected effect
of linearizing the bounded MSAD of GNR in the glycerol
solution; see Fig. 3(b). A limitation of this approach is the
amplification of uncertainties in (A#%(z)) for lag times
longer than the rod’s Brownian tumbling time, which limits
the usefulness of this method as the bounded MSAD
approaches its asymptotic values.

To demonstrate the feasibility of using Eq. (2) to measure
nondiffusive Brownian motion and viscoelasticity with
single GNRs, we suspended rods in an aqueous polyethyl-
ene oxide (PEO) solution (200 K molecular weight,
6.7% and 12.2% wi/w), previously employed in a micro-
rheology study by Dasgupta et al. [1]. In both samples, the
diameter of the rods is larger than the mesh sizes of the
entangled polymer solutions at these concentrations (see
Supplemental Material for more details of the polymer
characteristics [45]). Measured bounded MSADs, shown
by symbols in Fig. 3(c), were remapped to unbounded
MSADs, shown in Fig. 3(c) by lines.

To validate our tracking results, we can compare them
to those of the earlier microsphere study using the same
viscoelastic sample, by rescaling the MSDs as L,{A7(s))
and MSADs with L3(A#?(s)), where L, and L, are,
respectively, the translational and rotational effective length
of probes derived from equating G(s) = sij(s) = [(2kzT)/
(msL3{Ai3(s)))] = [(2kgT)/ (xsL,(AF*(s)))]. For a sphere
of diameter d, L, = L, = d, and for a nanorod with a length
of [ and an aspect ratio of p, L, =[l/(Inp + C,)] and
L,=[l/(y/Inp+ C,)]. The L}(Ad3) and L,(Ar?) of our
single GNRs in the two PEO solutions is shown with open
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and closed symbols, respectively, in Fig. 3(d). As in
glycerol, the length of the GNRs in the 6.7% and
12.2% w/w PEO solution samples are determined by
aligning the scaled MSDs and MSADs of the GNRs to
be [ = 94 £ 2 nm in the 6.7% sample and [ = 101 =2 nm
in 12.2%, respectively. Our results compare favorably with
L,(Ar?) of 0.65 um diameter microspheres, deduced from
the previous microrheology study [1] differing systemati-
cally by about 15%. Because excess CTAB was added to
the PEO solution, we assume that the CTAB layers are
intact and that the effective rod diameter, 26 nm, is
correspondingly larger than seen using EM.

Small deviations of the GNR data are attributable to two
main sources: the aforementioned noise amplification of our
mapping procedure at long times and the dynamic error
which occurs at short times [53,54], which can be empiri-
cally corrected by considering results at different camera
exposure times [45]. Physically, our rod motion may deviate
from the predictions of the Stokes-Einstein relation due to
polymer depletion near the rod surface [5,57] or decoupling
from the bulk dynamics of the polymer solution [58—61], but
both effects are expected to be small in our system.

As with conventional passive microrheology [1], we
used a Fourier representation of the RGSER G*(w) =
[(kgT)/(msL3F{(A#i(t))})] to compute the elastic G'(w)
and loss G”(w) moduli, where F{(A22(¢))} is the unilat-
eral Fourier transform of the unbounded MSAD [1]. The
elastic and shear moduli of the two PEO solutions obtained
from single GNR rotational nanorheology are shown in
Figs. 3(e) and 3(f) by open symbols, compared to literature
measurements based on diffusive wave spectroscopy [1],
shown by lines. In both samples, the maximum frequency
at which we can probe the viscoelasticity is limited by
the maximum recording speed and the minimum expo-
sure time of the camera, while the minimum frequency is
set by the MSAD reaching its asymptote. Notably,
considering the size of the measurement uncertainties
we have obtained with 100 nm GNRs, the maximum
modulus that can be measured by rotational nanorheol-
0gy, Ghax ~ [(KgT)/(PAu2,.)], is 2 orders of magnitude
larger than measurable using translational microrheol-
ogy, G;fnax ~ [(KBT)/(lArrznm)]

The anisotropic translational Brownian motion of the
GNR can be characterized by two drag coefficients parallel
and perpendicular to its long axis. Following the analysis
of Han et al. [37], in the moving body frame of the rod,
translational displacements, as shown in Fig. 4(a), have a
Gaussian distribution, and the corresponding MSDs in a
viscous fluid, as plotted in Fig. 4(b), are a linear function of
time <Arﬁ¢> = 2D 1, with D and D, being diffusion

coefficients parallel and perpendicular, respectively, to the
major axis [Fig. 1(b)]. In a stationary lab frame initially
aligned with the rod at r = 0, however, rotational diffusion
of the GNR erases the particle alignment with the reference
frame, causing translational diffusion to become isotropic
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FIG. 4. Anisotropic translational displacement distributions (a),
at 7=2ms, of a GNR in 90% glycerol (symbols) with a
Gaussian fit (lines) and corresponding anisotropic MSDs (b).
Diffusion coefficients of the GNR (c), corresponding to the data
in (a) and (b), in the fixed lab frame with the x axis aligned with
the rod’s initial position with the model fit [Eq. (3)]. Mixed
translational and orientational correlations (d) in a fixed frame
(symbols) and MC simulation (curves). Rescaled anisotropic
MSDs (e) of GNR in PEO 6.7% [as in Fig. 3(e)] in the fixed lab
frame (symbols) with a viscoelastic model (curves); unscaled
MSDs shown in Fig. S14 [45]. Diffusion anisotropy (),
A;i = (D; — D,)/AD, for a GNR in glycerol and 6.7% PEO
solution (symbols), with the model [Eq. (4)] (curves).

[37] for 7> 1y=1/2D,. To capture this effect, we
decomposed the MSDs of single GNRs into x and y
directions with the initial orientation aligned in the x
direction, <Ar)2<-y>a(o)=éx3 results are shown in Fig. 4(c).
As expected initially, D,,(f <7,) equals to Dy, and
D, (t < 7y) equals to D |, before asymptotically approach-
ing D, = (D +2D)/3 at long times.

To describe such an anisotropic-to-isotropic crossover
of the diffusion of uniaxial particles, we generalized the
Perrin-Lubensky model [37,38] to three-dimensional rota-
tion [45]. For a rod diffusing in a viscous fluid in 3D,
we obtain

D. — <Ar12>a(o)

i 5 =Dt AD <u,2(0) — l) -, (3)

where AD =D — D, and 7= [l —exp(-6D,t)|/6D,,
in excellent agreement with the data [Fig. 4(c)]. For an
anisotropic particle such as the GNR, the functional depend-
ence of the translational drag coefficients on its orientation
mixes correlation between translational and orientational
degrees of freedom [37]. For example, we measured two
cross terms (Ax?cos 2)) 40—, and (Ay*cos 2¢) 40)o.»
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shown by open symbols in Fig. 4(d), which agree well with
the numerical result of MC simulation. We note that this
apparent correlation is different from a true cross-coupling of
rotational and translational diffusion, which is manifested
only with chiral tracers.

Unlike viscous fluids, for viscoelastic materials such as
the PEO solution, the mobility tensor of the GNR is a
function of both the lag time and the orientation [45],
altering the form of the anisotropic-to-isotropic crossover.
We extended our model to an arbitrary nonchiral particle in
a linear viscoelastic material [45]. As before, we decom-
posed the MSDs in x and y directions with the initial
orientation of #(0) = ¢,, for GNRs in viscoelastic PEO
solutions [symbols in Fig. 4(e)]. Since the diffusion
coefficient is not a constant, we normalized the anisotropic
MSDs by their azimuthally averaged values as a function
of the lag time. To model these data, we used the creep
compliance J of the solution calculated from nanorheology
data via (A#;(1)?) = 2kzTL3}J(t). While our general model
[solid lines in Fig. 4(e)] matches quantitatively with the
current measurement, approximations in our approach will
fail in the limit of very soft, predominantly elastic materials
[45]. Equation (3) and Figs. 4(c) and 4(e) indicate that the
rotational diffusion of the GNR controls the rate of the
anisotropic-to-isotropic crossover. Therefore, intuitively,
one should expect a universal curve for the crossover when
plotted against the orientational displacement instead of the
time. Figure 4(f) shows such a rescaled diffusion anisotropy
defined as A;; = (D;; — D,)/AD based on MSAD for the
GNR in both glycerol and PEO solutions. The data for both
glycerol (open symbols) and PEO (solid symbols) collapse
upon each other and the theoretical model

B 1\ 1 —exp(=3(A(1)?))
A= (110 -3) = @

plotted by solid lines.

Here we have demonstrated that tracking the rotational
Brownian motion of nanorods expands the capabilities of
passive microrheology to much smaller length scales and
stiffer materials. Moreover, particle heating limits allow
much stronger laser illumination than we use here, sug-
gesting that smaller GNRs, stiffer materials, and higher
frequencies should be accessible. We can imagine mapping
out the structure and rheology at the 100 nm scale, resolving
atypical bacterium into thousands of subvolumes. The small
size of GNRs will also allow the probing of many interfacial
systems and soft materials at or near their intrinsic length
scales, such as many semiflexible polymer materials at their
mesh size or lipid bilayers at the length scale of their thermal
undulations. This approach promises access to nanoscale
structure, dynamics, and mechanics in a wide variety of
biophysical and soft material systems that are currently
accessible, if at all, only to state of the art inelastic neutron or
dynamics x-ray scattering methods.
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1. Discrete Dipole Approximation (DDA)

Far-field scattered light of a single GNR can be modeled by the electric field emitted from
three independent and orthogonal dipoles. To determine the oscillator strength of each dipole
we used DDA [1,2]. We modeled the GNR as a spherocylinder, as shown in Figure S1, with
refractive index ng [3], diameter d and length b, and hemisphere radius d/2. We discretized
the GNR using at least 1000 dipoles per wavelength with uniform lattice distance between
dipoles. To determine the oscillator strength of the longitudinal and transverse dipoles we
ran DDA with GNR major axis respectively parallel and normal to the electric field of the
incident beam. We also ran DDA to model a rod with flat ends and an ellipsoidal particle.
Figure S1 shows the three models discretized into arrays of voxels. Table S1 shows the DDA
results for three models. To validate that DDA yields reliable results with our voxelation, we
compared the DDA results for an ellipsoid to the analytic Gans theory, [4] showing excellent

agreement.



Figure S1: a) Voxelations of the three different particles. The simulation is performed on
particles with L=100nm and d=20 nm. b) Discrete dipoles in a spherocylinder color coded with
their oscillator strength when the incident electric field is parallel to the major axis of the rod.

Table S1: The polarizability of the longitudinal and transverse dipoles representing a
spherocylinder, flat cylinder, and ellipsoidal particle normalized by the volume of the particles
in two different wave lengths. The bottom row is the result obtained using Gans theory [4]
which shows good agreement with DDA result.

A=0532nm A=670nm
a/V ag [V Y af/V  a/V Y
Spherocylinder 0.5 0.26 2.0 6.8 0.2 33
DDA Flat cylinder 0.5 0.25 2.0 8.2 0.2 40.32
Ellipsoid 0.6 0.25 2.4 4.6 0.2 23
Theory[4] 0.61 0.24 2.4 4.7 0.2 235

2. Laser-illuminated Dark field Microscope.

Dark-field microscopy, which blocks the illumination beam (and its reflections) has
been used to image nanoparticles and their motion for more than a century. Coupled with
laser-illumination, it allows sufficient signal to be produced in a short exposure, allowing
high-speed precision tracking. Our custom build instrument focuses a single mode diode
pumped solid state laser in the back-aperture of a high-NA, immersion objective to produce a
small (diameter FWHM = 28 pum), collimated Gaussian beam in the specimen, see Figure S2a.
This laser is relayed to the objective using a window with a small spot of reflective silver

deposited on the optical axis, which allows most of the imaging light returning from the



specimen to pass to the imaging system. Unscattered illumination light exits the specimen
vertically, while light reflected from the planar interfaces of the sample chamber is reflected
back towards the laser by the spot, yielding a dark background field. Relay optics outside the
microscope body produce a secondary infinity space where a larger paraxial mask and
Wollaston prism are located to separate the light’s orthogonal polarizations, and project them
onto a high-speed camera with a CMOS detector.

Figure S2b shows the optical path of the dark field microscopy. The light source is a single
longitudinal mode diode pumped solid state (DPSS) laser (Shanghai dream laser SDL-671-
300T) delivering linearly polarized light with wave length of 670 nm with beam size of 0.75
mm and power of 300mW. The light passes through a quarter wave plate (Thorlab
WPMQO5M-670) to generate a circularly polarized beam. A beam expander constructed from
two doublet lenses with f=-20 mm and f=125 mm (Thorlabs) magnifies the beam size to
5.6mm. The laser beam is then focused on the back aperture of the objective with a f= 40cm
doublet lens after having been reflected by the dot mirror. The reflecting surface of the dot
mirror was formed by sputter coating of silver and TiO2 on its central region. The TiO2 layer
protects the silver mirror from oxidation. The mirror has an elliptical shape with minor axis

of 2.5 mm and the major axis of 3.53 mm.

The scattered light from GNRs is collected by an oil immersion objective (Leica HCX PL
APO 100X-1.4) and sent to an external relay system constructed by two doublet lenses with
f=150 cm and f=300 cm which deliver 2x image magnification. In the infinity space between
these two lenses, the scattered light passes around an additional paraxial mask constructed
with a 3/32” bearing ball (McMaster Carr 9642K25) attached to a glass slide and positioned
in the conjugate plane and then passes through a Wollaston prism (Thorlab WPQ10), that
separates the light into two orthogonally polarized beams with a 1° separation angle. The two
beams focus to the same axial but different lateral positions. The lateral displacement of the
two beams from each other, d, was set by the separation angle, 6, and focal length of the lens,
f, is d=f0. In the current optical path d=5.2mm which is half of the size of the CMOS sensor.

An adjustable slit (Thorlab VA100) is located in the first image plane to prevent any

superposition of the two images on the detector. The images of GNRs were recorded by CMOS



Phantom IV camera (Vision Research) at different frame rates. The effective pixel scale in the

specimen plane of the microscope is 0.100+.003 pm.
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Figure S2: Schematic optical path of the dark field microscopy with orthogonally polarized
imaging system.

The location of the GNR were tracked using a MATLAB particle tracking algorithm [5].
Custom MATLAB codes were used to convert the intensity of the GNRs to orientations and
compute the MSD and MSAD. This system is qualified using a test sample of 100 nm

polystyrene nanospheres; see Figure S2a inset. The symmetry between the two orthogonally



polarized images confirms the circular polarization of our illumination, polarization
preservation in our imaging system and the azimuthal symmetry of the nanospheres. The Airy
disk is consistent with expectations for our high-NA imaging system with a large paraxial
mask, having a slightly smaller core (FWHM = 225 nm) and more pronounced diffraction
rings than an unmasked system.

3. Sample preparation

The CTAB coated gold nanorod solution was purchased from Nanopartz (A12-20-900-
CTAB-DIH-25) with a GNR concentration of 4.9x1011 particles/ml and CTAB concentration of
3mM. To embed the GNRs in glycerol, 0.1 ml of the GNR solution was centrifuged, and the
supernatant was replaced by 1 ml Glycerol. The sample were gently stirred for two days to
obtain a uniform distribution of the GNR in glycerol. The size distribution of GNRs used in the

experiments is show in figure S3.
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Figure S3: The probability distribution of the diameter and length of the GNR Obtained from SEM images.
Inset: A sample of SEM of the GNR

Two solutions of polymer with concentrations of 7.4 wt% and 13.4 wt% were prepared
by mixing polyethylene oxide with average molecular weight of 200K (181994 Sigma Aldrich)
in 5mM CTAB solution in deionized water to stabilize the CTAB layer on the GNRs. The
solutions were shaken gently for 2 days to achieve homogenous PEO solution. The 0.1 ml of
GNR solution were then added to 0.9 ml of each solution. The final PEO concentrations of

samples were 6.7 wt% and 12.2 wt%, and the concentrations of GNR in both samples are ~0.1



nM. We continued to gently shake the samples with embedded GNR for three more days to
uniformly distribute GNRs in the PEO samples.

4. Detail of polarimetry analysis

Our first task is to analytically derive the intensity of scattered light at the imaging
detector of our microscope, in two orthogonally polarized channels, due to scattering by the
three principal dipoles of the GNR. The model includes the effect of large NA objective and the
paraxial mask forming the imaging system. The orientation of the GNR can be defined by
polar, B, and azimuthal angle, ¢, as shown in Figure S3a,b. Here we describe the detailed
model of scattering intensity from three orthogonally oscillating dipoles collected by the dark
field microscope in two orthogonally polarized channels.

In general, the scattering intensity from each dipole is proportional to the square of
oscillator strength and the collection probability function of the imaging system, IL,y = S]'PX,y
where j=1 denotes the longitudinal dipoles and j=2,3 denote two transverse dipoles; x and y
denote each polarized channel. The oscillator strength of each dipole depends on the cross
product of the orientation of dipole, & respect to the external electric filed; therefore, we first

simply determined the angles of each dipole based on the polar and azimuthal angles of the

GNR B, and ¢, Figure S4.

B =B b =¢ — 8 =sinBcos & + sinBsind &y +cosf &, (S1a)
B, = B+p;i,d>2 =¢ - 8% =—cosPcosP & — cosPsin¢ ey +sinB €, (S1b)
B3=%i,c|)3=c|)+g — 8> =sing &, —cos¢ & . (S1c)



Figure S4: (a-b) Coordinate system of the GNR defined by polar, 3, and azimuthal angles, ¢. (c & e) 3-d map of
the total intensity of the scattered light and (d & f) the intensity difference between two orthogonal channels at
different orientation of the GNR. (c-d) Expected signal from a single dipole, collected with a low-NA objective.

(e-f) Scattered light from a GNR with three orthogonal dipoles collected with a high NA objective.

In our inverted, epi-illuminated dark field microscope, the external electric field is

circularly polarized plane wave beam along optical axis, € = &, + &,. The strength of each

dipoleis S/ = (aléjéz)z which leads to:

St o« afsin? B, (S2a)
S? « aZcos? B, (S2b)
S3 o« al. (S2¢)

The collection probability function of each dipole is determined based on their
orientation:
Pl = ¢; sin? Bcos? ¢ + ¢, sin? Bsin? ¢ + c; cos? B,
Py = c; sin® Bsin® ¢ + ¢, sin® B cos® ¢ + c; cos? B, (S3a)
P2 = ¢; cos? B cos? ¢ + ¢, cos? Bsin? ¢ + c3 sin? B,
P} = c; cos? Bsin® ¢ + ¢, cos® B cos® § + c; sin? B, (S3b)
P2 = ¢; cos? ¢ + ¢, sin? ¢,
P} = c; sin® ¢ + ¢, cos? ¢. (S3¢)

Finally, the scattering intensity in each channel is determined as:



L, = S'P} + S?P2 + S3P3 = ¢, [a} sin* B cos? ¢ + a?(sin? ¢ + cos* B cos? p)] +

c,la? sin* B sin? ¢ + a?(cos? ¢ + cos* f sin? ¢)] + c3[a?sin? B cos? B +

a?(cos? B sin? B cos? ¢)], (S4a)

I, = S'P} 4+ S2P? + S3P} = c;[a}sin* B sin® ¢ + aZ(cos? ¢ + cos* B sin® )] +

c,la?sin® B cos? ¢ + a2 (sin? ¢ + cos* B cos? ¢)] + c;la’sin? B cos? B +

a?(cos? B sin? B sin? ¢)], (S4b)

where ¢4, ¢, , and c5 are correction factors of the dark field imaging system accounting for the
cone angles corresponding to the numerical aperture of high NA of objective and the diameter
of paraxial stop in the optical path. In the case of imaging with no paraxial mask, the collection

factors are determined by [6]:

c,(8) = % [5—3cosd — cos?§ — cos3 6]/[1 — cos b, (S5a)
c,(6) = i [1—3cosé + 3cos?8 — cos®8]/[1 — cos 8], (S5b)
c3(6) = % [2 —3cosd + cos38]/[1 — cos 8], (S5¢)

where § = §,,,, = sin"!(NA/n) is the maximum half-angle of the collection cone. For an
objective with NA=1.4 and n=1.53 and no paraxial mask, c;, ¢, , and c5 are estimated to be
0.75, 0.01, and 0.24. The values show the large aperture limit since c; is not the only main
correction factor. The presence of the paraxial mask in the optical path cuts off the center of
the scattered light beam and modifies the collection properties of the imaging system. The
angle of the collection cone, therefore, is between §,,,, and nonzero minimum angle 6&,,;,

Tmask

which depends on the size of the paraxial mask &,,;, = tan™?! (—), where 7,45, and fop;
obj

are the radius of the paraxial mask and the focal length of the objective respectively. The

collection factors in this case are

¢1 = ¢1(6max) — €1 (Omin), (S6a)
¢z = C3(Omax) — €2(8min) (Séb)
3 = €3(Omax) — €3(Omin)- (S6¢)

The intensity of scattered light in each channel can be formulated as following:
L, = ¢;[sin* B cos? ¢ + y2(sin? ¢ + cos* B cos? p)] + c,[sin* B sin? ¢ + y2(cos? ¢ +
cos* B sin? ¢)]+c5[sin? B cos? B + y2(cos? B sin? B cos? ¢)], (S7a)



I, = ¢;[sin* B sin® ¢ + y?(cos? ¢ + cos* Bsin® p)] + c,[sin* B cos® ¢ + y2(sin® ¢ +
cos* B cos? ¢)] + c3[sin? B cos? B + y2(cos? B sin? B sin? ¢)]. (S7b)
Our second task is to invert the functional dependence of the two polarized intensities on the
GNR orientation, to compute the orientation from the two measured intensities. Intuitively,
we find that polar angle depends on the sum of the two intensities, independent of the

azimuthal angle, while the azimuthal angle can be computed from the difference in the two

intensities. The expression for the total intensity, I;, of scattered light simplifies to

I, = C,[(1 — N)sin* B + (N —TI')sin? B + I}, (S8)
2
where N = 2—3 and I' = 1241/;/2 are properties of the imaging system and the effect of the
1

transverse dipoles, respectively, and C; is a constant factor depending on the overall
scattering cross-section and detector efficiency. Notably, the total intensity only depends on
the polar angle, . Figure S4c and e shows the dependency of the total intensity on the
orientation of the GNR in two different cases. Figure S4c depicts the case when the
polarizability of the transverse dipoles is negligible, I' = 0; hence, the total recorded intensity
is zero when the nanorod is normal to the image plane, § =0. However, as shown in Figure
S4e, when I # 0 the total intensity is always larger than zero. Similarly, the difference
between two polarized intensities, I;, (equations S7a,b) is given by
I; ~ C4cos2¢ sin? B [sin? B —I' + NI'(1 — sin? B)]. (S9)
Intuitively, the intensity difference between two orthogonal channels in the case of
paraxial (small NA) imaging and a single dipole, I' = 0, N = 0, only depends on the azimuthal
angle; ¢ can be computed from: cos 2¢p = 1;/I; , see Figure S4d. While in the general case in
Eq. S9 the intensity difference depends on both azimuthal and polar angles, see Figure 1f, the
azimuthal angle can still be readily determined since the polar angle can be determined
separately from the total intensity. As might be expected, the two intensities in Eq. S7 are
periodic and symmetric in the azimuthal and polar angles, respectively. When inverting to
solve for the polar angle there are two possible solutions, for the azimuthal angle there are
four possible values. In general, the particle orientation is mapped onto a single octant of the
unit sphere, depicted in Figure S4b. While this is limiting when trying to determine the
absolute spatial orientation of the rod, for determining the angular mean-squared

displacement for performing microrheology, it provides little impediment. Notably, it appears



possible to remove this ambiguity by fitting the Airy disk of the out of focus image, but we do

not examine this possibility here.

5. Rotational and translational diffusion of single GNRs in Glycerol

Atlag time T = 0.3s = 214, where 1y = 1/2D,. is the GNR tumbling time, the distribution
of the translational displacements, marked by open circles in Figure S5d, is Gaussian, as
expected. The expected distribution of bounded rotational displacements at short lag times,
over a sphere or octant, follows a Rayleigh distribution instead of being Gaussian, see Figure
S4d, similar to Monte Carlo simulation. Rotational displacements in glycerol, Figure S5e, show

that P(|41i]) indeed follow a Rayleigh distribution.
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Figure S5 (a) Simulated MSAD of the GNR randomly reorienting over a unit sphere (dashed
black line) and MSAD of the same GNR with orientation mapped over a unit octant (solid red
line). Horizontal lines indicate the expected asymptote for MSADs. (b) Measured MSAD of the
GNR embedded in glycerol (circles) and mapped unbounded MSAD (squares). Stretched
exponential fit (solid line) on measured MSAD and linear fit on mapped unbounded MSAD
(dashed line) leads to identical rotational diffusional coefficient. (c) MSD of the GNR in glycerol.
(d) Modeled probability distribution of bounded rotational displacement over a sphere
(circles) and octant (squares) by Monte Carlo simulation follow Rayleigh distribution (lines).
(e) Measured probability distribution of rotational displacement of the GNR in glycerol at lag
time T = 0.01s (circles) and fitted Rayleigh distribution (line). Measured probability
distribution of the translational displacement (circles) at lag time t = 0.3s shows Gaussian
distribution (line).
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6. Random walk over sphere

To simulate the orientational random walk trajectory of the rod, $(t), we generated a 2D
translational random walk of a Brownian bead over a unit sphere which replicates motion of
the tip of the rod respect to its center of mass. The basic idea is that at each time step the bead
randomly walks on a plane tangent to the unit sphere. Therefore, as the particle moves, the
plane also moves and reorients on the unit sphere. We first generated two sets of Gaussian-
distributed random number {4x, Ay}, each containing N elements. Each set has a mean of zero
and a standard deviation of 4D2At?, where D, is the rotational diffusion coefficient of
Brownian motion, and A4t is the time step size.

If attime t = nAt, #(t) = [x,(t), ys(t), z;(t)] indicates the position of the particles on the
sphere, the next step of the random walk happens on the plane normal to the 7. At each time
step, we also generate a random set of two orthogonal unit vectors {ii,, @i, } on the plane. These
vectors determine the direction of the random walk. To construct these vectors, we first
generate a random vector, i, with three random numbers with Normal distribution. The

generated vector is normalized by its size. Then, {ii;, {i, } are generated as follows:

F()XUy

U= o (S10a)
. FO)xay

U = okl (S10b)
The next position of the bead is then determined as:

f‘(t + At) — F(E)+AXp 181 +AYn 4115 (511)

[P(6)+Axp 4101+ AV 4151

We produce an orientational trajectory of a nanorod with rotational diffusion of D, =
1rad?/s and At = 0.1 ms. The result trajectory is shown in Figure S6a. To project the
trajectory to the octant, we simply use the absolute values of the components of the

orientational vector. The projected trajectory on the octant is shown in Figure Séb.
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Figure S6: orientational trajectory of the Brownian nanorod. Location of §(t)is color coded by
time. The black trajectory shows the orientation over 0.2s.a) Location of $(t) over a unit sphere
and b) over an octant.

7. Control Calculation: Bounded translational random walk in 2D

As discussed in the main text the MSAD of the nanorod follows a stretched exponential
function since the resolved orientation of the nanorod is bounded to an octant of a sphere.
We report a model to map the bounded MSAD to an unbounded linearized MSAD, which
works effectively in a viscous fluid. To verify the applicability of this model for MSAD of a GNR,
suspended in a viscoelastic material, we develop here a toy model: an unbounded
translational MSD of a Brownian particle diffusing in a viscoelastic material, which is then
bounded by being transformed into a finite size square box. This model shows that the
bounded MSD of the particle also follows a stretched exponential function, and that
remapping back to an unbounded MSD recovers the correct result in the viscoelastic case.

To produce a random walk bounded to a box with finite dimension, we first generated a
random walk in an unbounded space, ?(x(t), y(t)), shown as red line in Figure S7, and then
we mirror reflect the simulated trajectory into the block box in the figure to produce a
bounded trajectory 7, (x, (t), ,(t)), shown by blue line in the same figure. The MSD of the
unbounded trajectory (4r2(t)) = (|r(z + t) — r(1)|?), is plotted by red squares in Figure S6,
and the MSD of bounded trajectory, (A1 (t)) = (|, (t + t) — 1,(7)|?),, is shown by the blue

circles. The asymptote of this curve can be derived by simple probability analysis. If we select

12



a set of pair of random points with uniform distribution inside a square with size b the
average squared distance of the points of the pairs is b?/3. This value is equivalent to the
asymptote of the bounded MSD, i.e. (A7 (0)). Analogous to our findings with the bounded
MSAD, we considered a stretched exponential function to model the bounded MSD as a
function of unbounded MSD with the following from

Ui (©) = (Ar2 @) |1 - exp (- gy (k@r2 @), (512)

1
(Ar§ ()

where k and A are the fitting parameters. The blue solid line in Figure S7 shows the fitted
curve based on equation 9 with the fitting parameters of ¥k = 0.85 and A =0.95. The inverse
function of equation 9 is used to determine the unbounded MSD from the simulated or

measured bounded MSD:

o) )]1/ A

() = 5|~ e n (1 - S22 (513)

Generating bounded trajectories in boxes with different size shows that fitting parameter
k, and A are independent of the size of the boxes, as expected. The blue dashed line in the
Figure S7 shows the mapped MSD obtained from equation 10 which shows good overlap with

the simulated unbounded MSD, red circles.

(arg ()
o (Ar?(t))
Fit on (Ar# (t))

— — — - Predicted (4r?(t))

~0 | 2
10 10 Time 10

Figure S7 MSD of unbounded and bounded 2D trajectories. The red trajectory on the top left
corner of the figure is representing random walk of a Brownian particle in infinite 2D space.
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Blue trajectory is the projection of the red trajectory in a square box with size of V2 . The open
red squares are showing the MSD of the particle with red trajectory, and blue open circles are
bounded MSD of the blue trajectory. Solid blue line is the fitted curve on the bounded MSD, and
blue dashed line is mapped curved of bounded MSD on unbounded MSD. Green dashed line
indicates the expected asymptote of the bounded MSD.

Now we need to verify that mapping function from bounded MSDs on unbounded MSDs,
i.e. equation 10, is also valid for particles performing random walk in a non-Newtonian
material. We first generated trajectories of particles in linear viscoelastic material based on
the method provided by Khan and Mason [7,8]. We selected two materials as model
viscoelastic media: power law fluids, and Maxwell-Voigt model (MVM). We then calculated
unbounded and bounded MSD of the trajectories. The power law fluids have relaxation
modulus of G, (t)~t~%. Figure S8a shows the bounded MSDs of particle in several power law
fluids with o =0.1, 0.5, and 0.9 and a viscous fluid with a =1. Unbounded MSD of the same
particles are plotted with open symbols in Figure S8b. Equation 10 is applied to map the
bounded MSD to unbounded MSD, and the results are plotted with solid lines in Figure S8b

which show good overlap with unbounded MSD.
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Figure S8 a) bounded MSD of power law fluids with different relaxation modulus. b) Line shows
the simulated unbounded MSD of the power law fluids and open symbols are obtained by
mapping the bounded MSDs plotted in (a). c) sub-trajectory of particles in four different power
law fluids formed by 500 time steps.

For the second study case, we generated a trajectory of a spherical bead in a MVM media
based on the method provided by Khan and Mason [7].The MVM model provides a
numerically challenging case for the integral transforms used in microrheology[7] ; hence, it
is a suitable case to test robustness of our mapping scheme. We choose identical parameters
for MVM as in [7] to assure validity of the simulation. The low-frequency viscosity of the
Maxwell part is nM™ = 10* Pa.s, and the high-frequency viscosity of the Voigt part is
ns"™ = 1073 Pa.s. The matched elastic modulus of the both part is G;""™ = 10* Pa. The
simulated trajectory of the MVM is shown in Figure S9a, and the MSD of the trajectory is
plotted in Figure S9b. The MSD follows the theoretically predicted MSD, (4x2(7)) =
2DMVMt + r2[1 — exp(—t/15], where, DMVMis the diffusion coefficient in long-time, 7 is the

plateau MSD, and 75 is the crossover time. We then fold the trajectory inside several boxes
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with different sizes relative to r,,. The green trajectory which fills entire inset of Figure S9a is
the folded trajectory with box size b=1.6 nm, while black line in the inset only represents
0.1% of the entire trajectory. The MSD of the bounded traceries are plotted in Figure S9a with
open symbols. We mapped bounded MSD using equation S13 and plotted them in Figure S9c
with open symbols. Mapped MSDs for WLM show good agreement with the MSD of the

unbounded trajectories.

b ,| Bounded MSD, b (nm):
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N~ ol ©08
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Figure S9 a) Simulated trajectory of 1um spherical bead in MVM. Inset: folded trajectory in a box with size
of 0.8 nm, green line, and portion of the folded trajectory formed by 500 times step, black line. b) solid line: MSD

of unbounded trajectory shown in (a), open symbols: MSD of the bounded trajectory with different box sizes.

8. Rod drag coefficient model
To determine the diffusion coefficients, nanorods have been modeled as a spherocylinder
or a cylinder with flat ends. The diffusion coefficients of a spherocylinder have been expressed

as power series of it aspect ratio [9]:

__ kpT

£ Tant (Inp + 0.386 + 0.6863p~1 — 0.0625p72 — 0.01042p3 — 0.000651p~*) (S14a)
3kgT 11 In2 1 11
Dr - mﬁ3 (lnp+21n2 _Z+1n(r11+p) [5_ 2In2 +?_

Ya|+a-0) (S14b)

where a= [13.04468,—62.6084, 174.0921,—218: 8365,140.26992,-33.27076] and {2 =
[p_1/4,p_2/4,p_3/4,p_1,,0_5/4,,0_6/4 ]
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For a cylinder with flat ends the theoretical prediction for diffusion coefficients are

[10,11]

;= ;%Tl (Inp + 0.316 + 0.5825p~1 + 0.05p=2), (S15a)
D, = fr’jﬁf (Inp — 0.662 + 0.917p~1 — 0.05p72). (S15b)

Knowing both translational and rotational diffusion coefficients of the nanorod and its

diameter, one can determine its aspect ratio without knowing the physical parameters of the
solutionp = f (dizl%)' Figure S10 shows the shapes of this function for a spherocylinder and
T

a cylinder with flat ends.
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Figure S10 The aspect ratio of the flat cylinder and spherocylinder versus normalized ratio of
translational to rotational diffusion coefficient based on the model provide by [10,11]

9. Dynamic error correction

Dynamic error is the deviation of measured particle MSD from the true MSD due to a finite
exposure time of the camera. While there exist models to estimate the effect of dynamic error
in the apparent MSD of the particle in simple Newtonian fluids and some simple non-
Newtonian fluids such as power law and Voigt fluids [12] there is no such model for MSD of
particles in general linear viscoelastic fluids. However, one can estimate the effect of the
dynamic error by comparing the MSD at different exposure times. Here we recorded the
angular motion of a GNR in 6.7 wt% PEO solution at three different exposure times o =200,
150, and 100 ps. We then determined the MSAD of the GNR using each exposure time, shown

as dashed colored line in Figure S11. To determine and empirically remove the dynamic error
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from the MASD measurement, we estimate the MSAD at a given lag time by linearly
extrapolating of the MSAD values of each curve at that lag time versus exposure time to the
value expected for zero exposure time. The extrapolated scaled MSAD is plotted by black

dashed line in Figure S11 showing good agreement with scaled MSD of a spherical bead [13].
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Figure S11: Scaled MSD and MSAD of particles in 6.7 wt % PEO solution. Colored dashed line:
scaled MSAD of GNR recorded with three different exposure time. Black dashed line:
extrapolated MSAD at zero exposure time. Black line are scaled MSD of the spherical bead from
[13].

10. Anisotropic diffusion in viscoelastic media

Here we provide details of a Perrin-Lubensky type model to calculate the anisotropic-to-
isotropic diffusion crossover and apparent cross-correlations between rotational and
translational diffusion. We keep the derivation of the equations as general as possible to
model the diffusion of an arbitrary non-chiral object with three orthogonal anisotropy axes.
We start with anisotropic diffusion in a viscous fluid. We then drive general equations to
model its motion in a viscoelastic fluid. At the end, we can evaluate this general case for

uniaxial particles such as GNRs in our experiment.
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Figure S12: Illustration of a biaxial particle in the lab frame and moving body frame.

The orientation of the particle in the fixed lab frame is identified with three orthogonal
principal vectors, u, v, and w sitting on the particle and forming a moving body frame as
shown in Figure S12. We identify the position of the particle in the fixed lab frame with vector
r(t) = [x(t),y(t),z(t)] and in the body frame with #(t) = [X, ¥, Z]. The translational, ﬁj and

rotational, I~’Ur mobility tensor in the body frame for a non-chiral particle are diagonal tensors:

) L, 0 0 vt 0 0 [T 00
;=10 L, 0|=l0 ' O = oo 0 I, O (16a)
0 0 T, 0 0yt 1o o0 1m,
_ -1
e o o ¥ 0 0 nm o0 o
=0 rf o|l=]0o " o 261@ o 1 ol (16b)
0 - " 6
0 0 L 0 0o yo! 0 0 Iy

where y, and yg are translational and rotational drag coefficient along vector g, and II,
and Hg are frequency independent mobility tensor, and G,(t) is the stress relaxation
modulus. In the case of a viscous fluid, stress relaxation modulus is identical to the viscosity,
G, (t) = n. The mobility tensor in the fixed lab frame can be determined based on fij and frij
and the orientation vectors as I3;(U(t)) = (U’f’U)ij,Where Uij(t) = [u(t) v(t) w(t)] is the
orientation tensor.

The translational and rotational Langevin equations in the lab frame are expressed as

following:
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OH
0c1y = —E-,-(U)a—xj + & (D), (S17a)
oH
0.:0; = —E?(U)afoj + & (), (S17b)
where the Hamiltonian H describes the external forces and torques. The mobility tensor
I;; is expressed as sum of four terms [;; = I_’(Sij + (L, — LM + (L, — LMY + (5, —
LMY where I' = g(Fu + I, +I,) and

S02-a) PPy~ ) 5 (PaPr — 4242
MI == (oupy — axqy)  s(P2—d3) 5 (pyp.—aya.) | (S18)
(P — 0 3 (oyPe—4y2) (P2 —dP)

In the absence of the external forces and torques the Langevin equations S12a&b are
simplified to d,7; = &;(t) and 8,0; = £2(t). Where &;(t) and &’(t) are Gaussian random
variables with time dependent variances
(€08 () = 2k TL; (S (t — t1), (519a)
(&) = 2kpTL] (V)8 (¢ — ). (S19b)

Applying these random noise terms to the Langevin equations, translational and angular

displacements can be determined
t t ir t

(Uri©)ary (o = [y dt f; dea ()8 E))s Y = [ 2ks TG UD)5dE  (S20a)
t t i t

(46,(D46; (D)o = [, dty [} dtz (& (0)E] E)ifs" = [, dts2ksT(THU))GH.  (S20b)

Where (- )5’{, indicates that &;; are being averaged at fixed initial orientation U(0). Since
both correlations in angular and translational displacement depend on the orientation of the
object we first consider properties of U(t). The change in the orientation tensor can be
considered by three rotations with small angles around three fixed orthogonal axes in the lab
frame, U(t + dt) = R,,,,U(t), Where R,,, is the rotation tensor around x,y,and z axes

assuming small angle rotation

CyC; —S, Sy
Ryyz = | Sz &xCz  —Sx|, (S21)
—Sy Sy  CxCy

where ¢, = cosA6,(dt) and s, = sin 46, (dt) are the sin and cos of the rotation angle

around vector ¢ and 46,(dt) = g‘g (t)dt. Rotating orientation tensor U(t) with R,,, leads to:
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Uix(t + dt) = c,,c, U (t) — s,Up, (t) + 5, U3, (2). (S22)
Taking average of the square of both side of equation (S19) leads to:
(U (t + dt)?) = {cgHeENUL (D)) + (sZNUF,) + (s{UUL). (523)

Assuming an infinitesimal rotation angle, 46 «< 1, and applying the following binomial

na6?
2 )

expansions, cos" 460 = 1 — sin” 46 = A@" gives to:

(UZ(t + dt)) = (UZ () = — (463 (de) + A62(dt) ) (UZ (1)) + ABZ (de)(UE, (1)) +

A6Z(dt)(UL(D)). (S24)
Now we rewrite equation (S17a&b) in terms of frequency independent mobility tensor

and stress relation modulus

e@G(u(e))vo

(46;(6)40;(6))yo = ZkBTfo % dt (S§25a)
e (m(u(t’))) ,

Er ()0 = 27 J7 D0 4 (s25b)

These Equations can be expressed in simpler form in terms of the creep compliance

function:
(46,(DA6;,(N)yo = 2ksT [AILWUIN)yo df' (S26a)
(Ary(DAT (D)o = 2ksT [111;(UT" o df, (S26b)

where | = t/G,(t). If instead of taking average at fixed initial orientation, we take the
average over entire initial orientation in equation (523b) we can determine the creep
compliance function based on the MSAD
(462 (t)) = 2kgTIO ] (¢). (S27)
Therefore, to determine anisotropic-to-isotropic crossover in a viscoelastic material, we
derive the equation at different MSAD and then map the equation to the time domain based
on the creep compliance. Thus, we form a differential equation to evaluate orientation vector

over the time using equation (S24):
TAURMD) = =2k T (T, (UG )wo + (T (UD Do XU Do +

2kpT{My, (U )wolULUD) + 2k T{ (U)ol UZ, U)o (528)
Equation S25 is a system of nonlinear differential equations which can be solved using

different numerical scheme such as Runge-Kutta method. For instance, Figure S13 shows the
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crossover of (u?) as function of time for the case where I1 = 2I1¢ = 1011¢, = 0.1 rad?/s After

solving equation S25 we use (Ul-zj (/) in equation S23b to determine (4x;(J)4x;(J))yo-

1.0

u(t = 0) = (1,0,0)
i (u2)
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Vo4t
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Figure S13: crossover of (u?) as function of time at fixed initial orientation u(0) = e, for a
particle with 178 = 2118 = 10118, = 0.1 rad?/s

11. Anisotropic-to-isotropic diffusion in a viscous fluid

Contrary to the case of a viscoelastic material, in the viscous fluid, we can determine the
change in the orientation tensor by three rotations with small angles around three principal
axes of the particle. This simplifies the derivation of equation since it linearizes the nonlinear
system of equations S25. The rotation matrix for rotating a vector u around two orthogonal

vectors v and w with infinitesimal angles is

0 —-w, Wy 0 -v, v
R, = cyepl + ¢Sy, | Wy 0 —wyl|+s,c,| V2 0 -l (S29)
W, Wy 0 -V, Uy 0

Rotating u(t) with R,,,,, v(t) with R,,,, and w(t) with R,,, leads to:

u;(t + dt) = c,cu;+c,8,v; — S,CW; (S30a)
v;i(t +dt) = ¢, CpyVi—CuSwl; + CpSuW; (S30Db)
w;(t + dt) = c c,w; + ¢Syl — CuSyY;, (S300)
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~ 02 I = . .
wherec, = cosf, =~ 1 — ?" and s, = sin 8, = 6,. Taking average from square of terms in

both sides of equation (S27) at fixed initial orientation U0 leads to the system of linear

differential equations:

L (u(©)?) = =3(D§ + D) (t)?) + (DG — D?,) (i () — (wi(£)2)) + (DY + D§) (S31a)

L (0,(0)?) = =3(Dg + D) (wi()*) + (DF — DY) Wil (1)2) — u()) + (DY + DY) (S31b)

L (wi(©)?) = =3(Dg + DE)(wi(£)?) + (D — D) w(D)?) — (v, () + (DY + DY), (S31¢)
where Dg = kBTFq‘9 is the rotation diffusion constant around the axis g. Before solving

these equations, we note that% (u(t)?) + % (v(t)?) % (w(t)?) = 0 as expected. Therefore, we

reduce the order of the system to 2 by substituting (w(t)?) = 1 — (u(t)?) — (v(t)?) and form

the following system of equation

a4 <ui(t)2>] _ <u () ) lZDﬁl
dt [(v; (t)?) (v (t)? ) 2Dg|

where

2D + D, DI -D
A==2\ 5 _ 1o 0 L pol
Di — Dy 2D{+Dy

Particular solution for the system of equation is (u;(t)?), = (v;(t)*), = 1/3. The
eigenvalues and the eigenvectors of matrix A are
A =—6(D% +4D%), 2, =—-6(D% —4D?)

Dy, — D
D¢ — D¢ + 34D,

D —Df
= and y, =
e ID{? _Dpf —34p,| K
where D, = 2(Df + DY + DY), AD, =/DZ = Dj, and D; = 2(DED{ + DD, + DI D).
After applying the initial conditions, particular solutions, and introducing variables D, =D,. —

AD, and D/ = D, + AD,,we get the following form for the mean square of the orientation

vector:

(ui(£)?) =2+ (u? (0) — 1) L2200 oy 6 1) + (u(0) -

4AD.

_nb
i)% exp(—6D;t) + (W2(0) — WZ(O)(;;A;’” [exp(—6D;t) — exp(—6D;t)]. (S32)
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With the preceding formulae for orientation vector, now we calculate the correlations in
translational displacement r(t). We begin with equation (S17b) expressing the second

moment:
(ArZ(©)yo = 2Dt + 24Dy, f; des (M3 (61))yo + 24Dy fy Aty (ME" (¢))yo +
24Dy, [y dty (M3 (©)yo, ($33)
where AD,, =D,—D, and D,=kgTIl;. We first calculate the integral

terms, fot dt, (M}’ (t1))yo in equation S30:
[ M () yodt’ = ——[(u2(0) = 3) D — (v(0) — 3) D — Dy (u?(0) — v2(0))] 7~ +
1

aa. |~ (W20 =3) g + (v7(0) =) DE + D7 (u?(0) — v2(O))] e+, (534)

64D,

1
64D,

where 7~ and 77 are the following time functions:

1-exp(—6Dyt)

7= fot exp(—6D,t") dt' = oo (S35a)
_ _ +
Tt = fot exp(—6D;t') dt' = =2 D exz;fDr 2 (S35b)

Replacing equation S32 in equation S31 leads to:

Dy =D +——|(«2(0) -3) (D, — D)(D — D) + (v2(0) — 1) (D, — D)(DE — Dy ) +

64Dyt

(w2 —3) (0 = D)(DE — D7)] + o= [ (w2(@ — ) (0, = D)(D} — DY) + (v (0) -
3) (0, = D)(Df - Df) + (wE(®) - 3) (0, = D)(Dt - DF)). (36)

Equation S33 expresses the anisotropic-to-isotropic crossover of diffusion in 3D for an
object with three anisotropy axes. For a uniaxial object such as a GNR with translation
diffusion coefficients D, and D, parallel and normal to major axis of GNR respectively and

rotation diffusion of D,, equation S33 attains a simpler form:

D +4D (u(0) —3)* (537)

t )

(ATiz)
Dy ===

where D = (D, + 2D,)/3, AD=D; — D, and 7 = (1 — exp(—6D,t))/6D,.

12. Physical characteristics of the polymer solutions

The mesh size of the polymer solution can be calculated by the following equation [14]
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g =Rg(c*/0)°7%, (S38)
where Rg, c*, and c are radius of gyration, overlap concentration, and concentration of the

polymer respectively. R, is estimated using following equation [14]

Ry = 0.215M°83¥0031, (S39)

where, M,, is the molecular weight of the polymer. For PEO with M,, = 200KDa, the radius of
gyration is estimated as Rg = 26 nm. Also, overlap concentration is related to the radius of
gyration according to following equation [14]

o =3 tw (S40)

= >
4-T[NARg

where, N, denotes the Avogadro’s number. The overlap concertation for 200 KDa PEO
solution is approximately 0.48 wt%. Therefore, using equation S38 the mesh size for the PEO

solution with ¢=6.7 and 12 wt% is § = 3.6 and 2.3 nm respectively.

13. Non-normalized anisotropic MSD in PEO solution

O (Ax®)g(0

- & (Ay*)acoy
=403 pos
S\I%) 10 B <><>
E) ot
0 A

10 — =
10 Time (s) 10

Figure S14: Non-normalized MSD of the GNR embedded in PEO 6.77 wt % solution in the lab frame

with ©i(0) = é, corresponding to normalized MSD shown in figure 4e.
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